Abstract. An enrichment scheme is presented in the framework of the extended finite element method (XFEM) that is independent of the material model. In the case of linear elastic fracture mechanics (LEFM), i.e. brittle fracture, stresses are singular at the crack-tip, whereas, in the case of cohesive fracture models, i.e. quasi-brittle cracks, stresses are finite at the crack-tip. Despite of the stress situation at the crack-tip, stresses are always finite in the region near the crack-tip and have a high gradient in the near-tip region. In order to cover almost all the stress gradients near the crack-tip, an optimal set of enrichment functions is found that can interpolate all the near-tip stress gradients starting from a large gradient that can no longer be captured by a standard FEM up to the situation where the gradient is almost infinite. An optimization study is conducted in order to find the optimal set of enrichment functions with respect to some error criterion. Test cases for static and quasi-static cracks are presented to show the usefulness and robustness of the proposed technique. In the case of brittle fracture, better results are achieved as compared to those obtained by the classical branch enrichments. The enrichment scheme is also used for the case of cohesive fracture and excellent agreement to available benchmarks is achieved.
Introduction
The finite element method (FEM) is the method of choice for cases where the solution is smooth. However, the presence of discontinuities and singularities creates problems in its application. If the solution is discontinuous, the element edges need to be aligned to the discontinuity. For singularities and high gradients, mesh refinement is needed. Moreover, for a moving discontinuity or singularity, re-meshing the computational domain imposes an additional computational effort. The extended finite element method (XFEM) [1, 2] has the potential to overcome these problems without mesh alignment to discontinuities and without mesh refinement near singularities. These properties have made the XFEM a particularly good choice for the simulation of cracks, see e.g. [3] [4] [5] [6] , as in this application, both, discontinuities (across the crack surface) and high gradients (at the crack front) are present.
Application of the XFEM to fracture mechanics requires special enrichment functions to capture discontinuities along the crack path and the singularity at the crack-tip. For the discontinuity along the crack path, step enrichment functions are used whereas at the cracktip, special branch enrichment functions are used [1] . In the case of brittle fracture, LEFM is used as the fracture model. In this case there is a stress singularity at the crack-tip. In the case of quasi-brittle fracture, cohesive zone models are used in which stresses are finite and continuous at the crack-tip. Different branch enrichment functions are used respectively for each model in order to capture the different nature of the solutions, see e.g. [7] . For someone who needs to concentrate on the modeling issues, it becomes an additional task to create the appropriate enrichment functions. For model independent application of XFEM to fracture problems, one needs a branch enrichment that is valid for all the models. Criteria for designing such an enrichment function are that the function should be able to capture all the stress gradients around the crack-tip, i.e. gradients starting from a large gradient that can no longer be captured by a standard FEM up to the situation where the gradient is almost infinite. High gradient enrichment functions are applied to convection dominated problems in [8] . A similar set of crack-tip enrichment functions is proposed here that can be applied to the fracture problems irrespective of the fracture model.
XFEM formulation for fracture problems
A standard XFEM approximation for fracture problems consists of three parts, (i) a continuous approximation for uncracked parts of the domain, (ii) a discontinuous part for the cracked domain and (iii) a crack-tip part for the crack front. The XFEM approximation for displacements
where N i (x) is the standard FE function for node i, u i is the unknown of the continuous part at node i, I is the set of all nodes in the domain, N i (x) is a partition of unity function of node i, S(x) is the step enrichment, a i is the unknown of the enrichment at node i, I is a nodal set whose support is completely cut by the crack, m is the number of enrichment terms, B(x) is the crack-tip enrichment function, b k i is the unknown of the enrichment term k at node i, J is a set of nodes whose support contains the crack-tip. The functions N i (x) equal N i (x) in this work although this is not necessarily the case. For the S(x), a typical enrichment function is the sign-enrichment:
where φ 1 (x) is the level-set function specifying the crack-path. For the crack-tip enrichment function B k (x) in the case of brittle fracture, typically a classical branch enrichment function expressing asymptotic features of the displacement field at the crack-tip is used
where (r,θ ) are the local polar coordinates at the crack-tip. The branch enrichment functions in the above form have infinite derivatives with respect to r at the crack-tip, i.e. at r = 0, thus depicting the stress singularity at the crack-tip in the case of brittle fracture. For cohesive cracks, the enrichment functions (3) are not valid and other enrichment functions are needed [7] . In the current work, instead of using the classical branch enrichment functions with infinite derivatives, a set of enrichment functions is found which has finite derivatives at the crack-tip, but still they account for the high stress/strain gradient in the region near the crack-tip. As the stresses are singular at the crack-tip, the strength of the singularity depends upon the gradient of stresses in the region near the singularity. An optimal set of enrichment functions is found that can interpolate all the near-tip stress gradients
These functions are shown in figure 1 and their derivatives in figure 2 . The gradient of the enrichment functions and their derivatives is affected by the term r n . The gradient of the derivative is highest for r 1.1 and lowest for r 1.9 . An optimal set is found whose derivatives can approximate any gradient between the lowest and the highest gradient. For details of the optimization procedure see [8] . The function r 1.1 sin(θ/2) sin(θ) is included to improve accuracy in the case of brittle fracture. It was observed that the accuracy in the case of brittle fracture is equal to the classical branch enrichment functions without using r 1.1 sin(θ/2) sin(θ) but the accuracy is even better than the classical branch enrichment functions after including r 1.1 sin(θ/2) sin(θ) in the approximation space. Inclusion of an extra enrichment function does not effect the accuracy in the case of cohesive fracture. Figure 3 . Notations in case of a cohesion less crack . Figure 4 . Notations in case of a cohesive crack.
Fracture models
Crack propagation in structures is either stable or unstable. An unstable crack is the one which propagates rapidly with a sudden decrease in the load carrying capacity of the structure and a stable crack is the one that develops slowly with initially partial and then total stress-relaxation at the crack-tip. Structure behavior can be characterized from ductile to brittle depending upon material properties, structure geometry, loading conditions and boundary conditions. An unstable crack is associated with the brittle structural behavior and a stable crack is associated with the ductility in structural behavior. If the ductility in the structure is negligible then the linear elastic fracture mechanics (LEFM) can be used as the fracture model and if the ductile behavior cannot be ignored then the cohesive crack model introduced by Dugdale [9] and Barenblatt [10] can be used. Both of these models will be explained in the subsequent sections.
Linear elastic fracture mechanics
Consider a domain Ω shown in figure 3 containing a crack. The domain consists of traction boundaryΓ t , displacement boundaryΓ u and cracked facesΓ c . Equilibrium and boundary conditions are as follows
where n is the unit normal vector, F are the prescribed tractions and σ is the stress field inside the domain expressed in terms of the linear elastic and isotropic constitutive law
where elastic strains are expressed in terms of kinematic equations under small strains and displacements assumption
and C is the Hooke's tensor. For the approximation with finite elements, the problem has to be stated in its discretized variational form. The displacement u must belong to the set U of kinematically admissible displacement fields depending upon the solution regularity [11] u ∈ U = {v ∈ V : v = 0 onΓ u }.
The space V must allow for discontinuous displacements acrossΓ c . The weak form of equilibrium equations is given as
Introducing the XFEM formulation (1) and the constitutive law (8) gives the discretized weak form
This gives a linear equation to solve for the unknown displacements u h . For crack propagation problems, the direction of crack propagation θ is found as the direction of maximum hoop stress through the formula θ = 2 arctan 1 4
where K I and K II are stress intensity factors. For details on computing stress intensity factors see [1] . It is based on the fact that the molecular forces of cohesion are not negligible near the crack-tip where two crack surfaces are not far from each other. Intensity of these forces quickly attains a maximum value, i.e. the tensile strength of the material f t and then starts to decrease as the crack faces move away from each other while the crack opens up. Barenblatt [10] showed the two important results for stable cracks, i.e.
(i) The normal stress at the crack-tip is finite.
(ii) The opposite faces of a crack close smoothly at the crack-tip.
Cohesive forces start to develop after the tensile strength of the material is reached. The point where the tensile strength is reached first is called the mathematical tip of the crack. The crack then starts to open up but the cohesive forces are still acting across the cracked surfaces until the crack opening displacement w reaches a critical value w c . The region between the point where the normal stress is equal to the tensile strength of the material and the point at which the crack opening displacement is equal to the critical opening, is called the cohesive zone. The problem for a cohesive crack is described as follows. Consider a domain Ω shown in figure 4 containing a crack. The domain consists of traction boundaryΓ t , displacement boundaryΓ u , cohesive facesΓ coh and cracked facesΓ c . Equilibrium and boundary conditions are as follows
where n is the unit normal vector, n + and n − are the unit normal vectors on the two respective faces of the cohesive zone, f is the cohesive traction from the cohesive traction-displacement
where w is the crack opening displacement given as
Various cohesive displacement laws can be used. In this study, a linear law as shown in figure 16
is used. In (14)- (16), F are the prescribed tractions linearly dependent on a scalar parameter λ called the load factor and σ is the stress field inside the domain expressed in terms of the linear elastic and isotropic constitutive law σ = C :
where strains are expressed in terms of kinematic equations under small strains and displacements assumption
and C is the Hooke's tensor. For the approximation with finite elements, the problem has to be stated in its discretized variational form. The displacement u must belong to the set U of kinematically admissible displacement fields 10 and the weak form of the equilibrium equations is given as
Using the definition of cohesive tractions f from (19), the weak form can be expressed as
Introducing the XFEM formulation (1) and the constitutive law (20) gives the discretized weak form
This is a non-linear equation which is to be solved for the unknown displacements u h as well as the load factor λ. The problem description for cohesive crack growth is completed as follows. For a given crack path and the position of the mathematical tip, find the load factor λ and displacements such that the stress at the mathematical tip is equal to the tensile strength f t . This condition is called the stress condition.
n · σ · n = f t .
In the context of the XFEM, this approach is adopted by Zi and Belytschko [12] . The other approach that is used by Moës and Belytschko [11] is to find λ such that the stress intensity factor (SIF) vanishes at the crack-tip. As the K II is negligible as compared to K I , so only K I is used In the current study, the stress condition is used due to its intuitive nature and ease of implementation. An algorithm similar to that suggested by Zi and Belytschko [12] is used that is based on non-linear Newton-Raphson iterations for the convergence of displacements u h and the load factor λ. details of the algorithm can be found in [12] . The direction of crack growth is found through the LEFM approach as given in (13) crack path is not effected by the cohesive zone [11] .
Numerical examples: Brittle fracture
Three test cases are considered for the case of brittle fracture. The first test case is a case of pure mode I static crack. The exact solution is known in this case and is used to compare the L2 norm in displacements. The domain and geometry are shown in figure 5 . The boundary conditions are shown in figure 5 where q x = 1. The material parameters are
Convergence in the L2 norm is shown in figure 6 . The proposed set of enrichment functions, improves the results as compared to the classical branch enrichment functions.
The second test case is a mixed mode edge crack. The geometry is shown in figure 7 and material parameters are W = 7, L = 16, K I = 34, K II = 4.55, E = 10000 M P a, ν = 0.3, q x = 1.
The point (−W/2, −L/2) is fixed in x and y directions and the boundary at −L/2 is fixed in y direction. Convergence to the pure mode I SIF value of 34 and pure mode II SIF value of 4.5 is shown in figures 8 and 9. It is concluded that the results are slightly better by using the proposed enrichment functions as compared to the classical branch enrichment functions.
The third test case is an example of crack propagation in a single edge notch beam. This is taken from Areias & Belytschko [13] . The geometry is shown in figure 10 and material parameters are E = 3 × 10 7 psi, ν = 0.3, q = −10000 lbs.
For the given parameters, the crack path obtained for the branch enrichment is shown as the red line in figure 11 whereas, the crack path for the high gradient enrichment is shown in figure  12 . Both the crack paths resemble. This confirms the effectiveness of the proposed technique in the case of crack propagation.
Adding an additional support at the top left corner of the beam will cause a change in the crack path. In this case the crack will go to the point of application of the load. The new 
Numerical examples: Cohesive cracks
Two test cases are implemented to judge the effectiveness of the proposed scheme in the case of quasi brittle cracks. The stress profiles along the crack path are observed to see the finite stress at the crack-tip and the gradual stress release in the cohesive zone. In all the cases linear cohesive model as shown in figure 16 is used.
First test case is a double cantilever beam taken from Zi and Belytschko [12] . The geometry and loading conditions are such that they allow for the crack to go along a straight path. Normal stress profiles along the crack path are observed and stresses are found to be finite, i.e. n · σ · n = f t , see figure 18 . The load-point deflection curve thus obtained conform to the one obtained by Zi and Belytschko [12] , see figure 19. The second test case for cohesive fracture is the three point bending test applied in the context of XFEM by Moës and Belytschko [11] . The depth of the beam is b = 150 mm and the initial crack depth a = 0. This suggests that there is no crack initially. The crack starts to develop when the stress reaches the tensile strength of the material at the bottom of the beam. The material parameters are E = 36500 MPa, ν = 0.1, f t = 3.19 MPa Load deflection histories for the case of fracture energy G f = 50 N/m is shown in figure  21 . This corresponds well with the benchmark solutions from Carpinteri and Colombo [14] and those computed by Moës and Belytschko [11] . A sharp snapback is also observed in case of lower fracture energy, i.e. G f = 5 N/m, see figure 22 . Sharp snapback observed for load deflection curve for fracture energy G f = 5 N/m..
Conclusions
An enrichment scheme for the XFEM has been proposed which enables highly accurate approximations of stresses around the crack-tip in fracture problems. The scheme is independent of the fracture model under consideration thus is a unified way of approaching fracture problems in the framework of XFEM.
In the future, this scheme will be applied to problems that involve geometrical and more general material non-linearities.
